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Abstract. KoUar's effective base point free theorem for kawa- 
mata log terminal pairs is very important and was used in Hacon- 
McKernan's proof of pi flips. In this paper, we generalize KoUar's 
theorem for log canonical pairs. 

1. Introduction 

The main purpose of this paper is to show the power of the new 
cohomological technique introduced in [Aj. The following theorem is 
the main theorem of this short note. It is a generalization of [Kl 1.1 
Theorem]. Kollar proved it only for kawamata log terminal pairs. 

Theorem 1.1 (Effective base point free theorem). Let {X, A) be a pro- 
jective log canonical pair with dimX = n. Note that A is an effective 
Q-divisor on X . Let L be a nef Cartier divisor on X . Assume that 
aL — {Kx + A) is nef and log big for some a > 0. Then there exists 
a positive integer m = m{n,a), which only depends on n and a, such 
that \mL\ is base point free. 

For the relative statement, see Theorem 12.2.41 below. 

Remark 1.2. We can take m(?T,, a) = 2"'^^{n+l)\{'~a~^ + n) in Theorem 

o 

By the results in [X], we can apply a modified version of X-method 
to log canonical pairs. More precisely, generalizations of Kollar's van- 
ishing and torsion-free theorems to the context of embedded simple 
normal crossing pairs replace the Kawamata- Viehweg vanishing theo- 
rem in the world of log canonical pairs. For the details, see |F2] . Here, 
we generalize Kollar's arguments in [K] for log canonical pairs. This 
further illustrates the usefulness of our new cohomological package. For 
the benefit of the reader, we will explain the new vanishing and torsion- 
free theorems in the appendix (see Section [3]). The starting point of 
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our main theorem is the next theorem (see [SI Theorem 7.2]). For the 
proof, see |F2[ Theorem 4.4]. Ambro's original statement is much more 
general than Theorem II. 3 [ Unfortunately, he gave no proofs in jX] . 

Theorem 1.3 (Base point free theorem for log canonical pairs). Let 
{X, A) be a log canonical pair and L a vr-ne/ Cartier divisor on X, 
where n : X V is a projective morphism. Assume that aL—{Kx+^) 
is n-nef and Tc-log big for some positive real number a. Then OximL) 
is TT-generated for all m ^ 0. 

The paper |F4] may help the reader to understand Theorem II. 3[ In 
|F4] , Theorem 11.31 is proved under the assumption that y is a point 
and aL — {Kx + A) is ample. 

We summarize the contents of this paper. In Section[2], we prove The- 
orem [TTTl In Subsection 12.11 we give a slight generalization of Kollar's 
modified base point freeness method. We change Kollar's formulation 
so that we can apply our new cohomological technique. In Subsection 
12.21 we use the modified base point freeness method to obtain Theo- 
rem 11.11 Here, we need Theorem 11.31 Section [3] is an appendix, where 
we quickly review our new vanishing and torsion-free theorems for the 
reader's convenience. The reader can find Angehrn-Siu type effective 
base point freeness and point separation for log canonical pairs in |F1] . 

Notation. We will work over the complex number field C throughout 
this paper. 

Let r be a real number. The integral part Lr j is the largest integer 
at most r and the fractional part {r} is defined by r — \_r_i. We put 
'"r^ = — L— rj and call it the round-up of r. 

Let X be a normal variety and B an effective Q-divisor such that 
Kx + B is Q-Cartier. Then we can define the discrepancy a{E, X, B) G 
Q for every prime divisor E over X. If a{E,X,B) > —1 (resp. > — 1) 
for every E, then {X, B) is called log canonical (resp. kawamata log 
terminal). We sometimes abbreviate log canonical to Ic. 

Assume that (X, B) is log canonical. If is a prime divisor over X 
such that a{E, X, B) = —1, then cx{E) is called a log canonical center 
[Ic center., for short) of (X, 5), where cx{E) is the closure of the image 
of on X. A Q-Cartier Q-divisor L on X is called nef and log big if 
L is nef and big and L|vy is big for every Ic center W of {X, B). The 
relative version of nef and log bigness can be defined similarly. 

For a Q-divisor D = X]i=i diDi, where Di is a prime divisor for every 
i and Di ^ Dj for i ^ j, we call D a boundary Q-divisor ii < di < 1 
for every i. We denote by ~q the Q-linear equivalence of Q-Cartier 
Q-divisors. 

We write Bs|Z)| the base locus of the linear system \D\. 



EFFECTIVE FREENESS 



3 



Acknowledgments. I was partially supported by the Grant-in-Aid 
for Young Scientists (A) {120684001 from JSPS. 1 was also supported 
by the Inamori Foundation. I thank the referee for useful comments. 

2. Effective base point free theorem 

2.1. Modified base point freeness metiiod after Kollar. In this 
subsection, we slightly generalize Kollar's method in [Kj . 

2.1.1. Let {X, A) be a log canonical pair and N a Cartier divisor on X. 
Let g : X ^ S he a proper surjective morphism onto a normal variety 
S with connected fibers. Let M be a semi-ample Q-Cartier Q-divisor 
on X. Assume that 

(1) N ^qKx + A + B + M, 

where B is an effective Q-Cartier Q-divisor on X such that SuppS 
contains no Ic centers of (A, A) and that B = g*{Bs), where Bs is an 
effective ample Q-Cartier Q-divisor on S. Let X \ W he the largest 
open set such that (A, A + B) is Ic. Assume that 7^ 0, and let Z 
he an irreducible component of W such that dim g{Z) is maximal. We 
note that g{W) is not equal to S since B = g*{Bs). Take a resolution 
f : Y ^ X such that the exceptional locus Exc(/) is a simple normal 
crossing divisor on Y, and put h = gof: Y^S. We can write 

(2) Ky = riKx + A) + ^ e,E, with e, > -1, 
and 

(3) rB = J2hE,. 

We can assume that Supp(/~^S U /,"^A U Ei U h-^{g{Z))) and 
Snpp{h~^{g{Z))) are simple normal crossing divisors. Let c be the 
largest real number such that Kx + A -|- cB is Ic over the generic point 
of g{Z). We note that 

(4) Ky = riKx + A + cB) + ^^(e, - ck)E,. 

By the assumptions, we know < c < 1 and c G Q. If c6j — < 0, 
then Ei is /-exceptional. If cbi — Cj > 1 and g{Z) is a proper subset of 
h{Ei), then cbi — = 1. We can write 

(5) fN ~Q Ky + fM + (1 - c)rB + ^(c6, - e,)E, 
and 



(6) 



^\-cbi - CijEi = F + Gi + G2 - H, 
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where F, Gi, 6*2, H are effective and without common irreducible 
components such that 

• the /i- image of every irreducible component of F is g{Z), 

• the /i-image of every irreducible component of Gi does not con- 
tain g{Z), 

• the /i-image of every irreducible component of G2 contains g{Z) 
but does not coincide with g{Z), and 

• H is /-exceptional. 

Note that G2 = lG'2J is a reduced simple normal crossing divisor on 
Y and that no Ic center G of (y, G2) satisfies h{G) C g{Z). Here, 
we used the fact that Supp{h~^{g{Z))) and Supp {h~^{g{Z)) U G2) are 
simple normal crossing divisors on Y. We put A^' = f*N + H — Gi and 
consider the short exact sequence 

(7) 0^ Oy{N' - F) ^ OriN') ^ Of{N') ^0. 
Note that 

N'-F^qKy + rM + (1 - c)rB + ^{c6, - ei}E, + G2. 
So, the connecting homomorphism 

(8) KOpiN') ^ R^KOriN' - F) 

is a zero map since h{F) = g{Z) is a proper subset of S and every non- 
zero local section of R^h^.OY{N' — F) contains h{G) in its support, 
where G is some stratum of (y, 6*2). For the details, see Theorem I3.2[ 
(a). Thus, we know that 

(9) ^ KOy{N' -F)^ KOy{N') ^ KOf{N') 

is exact. Moreover, by the vanishing theorem (see Theorem 13.21 (b)), 
we have 

(10) H\S,KOy{N' -F)) = Q. 
Therefore, 

(11) H\S, KOy{N')) ^ H\S, KOf{N')) 

is surjective. It is easy to see that F is a reduced simple normal crossing 
divisor on Y . We note that no irreducible components of F appear in 
X]{c6i — ei}Ei and that 

(12) N'\F^QKF + {rM+{l-c)rB)\F + Y.^ch,-ei}E,\F + G2\F- 

Thus, h^{S, h^OF{N')) = for alH > by the vanishing theorem (see 
Theorem 13.21 (b)). Thus, we obtain 

(13) h\F, Of{N')) = x{S, KOf{N')). 
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2.1.2. In our application, M will be a variable divisor of the form 
Mj = Mq + jL, where Mq is a semi-ample Q-Cartier Q-divisor and 
L = g*Ls with an ample Cartier divisor Ls on S. Then we get that 



2.1.3. Assume that we establish h^{F,OF{N')) ^ 0. By the above 
surjectivity ([II]), we can lift sections to H^{Y,OY{f*N + H - d)). 
Since F ^ Suppd, we get a section s e H"{Y, OyIpN + H)) which 
is not identically zero along F. We know H^iY^OviPN + H)) ~ 
H^{X, Ox{N)) because H is /-exceptional. Thus s descends to a sec- 
tion of Ox{N) which does not vanish along Z = f{F). 

2.2. Proof of the main theorem. The following lemma, which is 
the crucial technical result needed for Theorem II. 1[ is essentially the 
same as p| 2.2. Lemma]. 

Lemma 2.2.1. Let g : X ^ S be a proper surjective morphism with 
connected fibers. Assume that X is projective, S is normal and {X, A) 
is Ic for some effective Q-divisor A. Let be an ample Cartier divisor 
on S and let Ds ~ mDg for some m > 0. We put = g*Dg 
and D = g*Ds- Assume that aD^ — {Kx + A) is nef and log big for 
some a > 0. Assume that \Ds\ 7^ and that Bs|D| contains no Ic 
centers of (X, A), and let Zs C BslD^I be an irreducible component 
with minimal k = codim5'Z5. Then, with at most dim Zs exceptions, 
Zs is not contained in Bs|A;D5 + {j + '~2a~' -|- l)Dg\ for j > 0. 

Proof. Pick general 5,; G \D\ and let 



Then B ~q + kD, (X, A + S) is Ic outside Bsl^l and (X, A + B) 
is not Ic at the generic points of g^^{Zs). For the proof, see [K[ (2.1.1) 
Claim]. We will apply the method in 12.11 with 




and 



(16) Nor^QKx + A + B + Mq. 



(17) 



B = —Bo + Si + ■ ■ ■ + 



(18) 



Nj = kD + {j + ^2a^ + 1)D° 
Mo = ^2a^D^ - {Kx + A) + and 



(19) 



(20) 
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We note that Mj is semi-ample for every j > by Theorem 11.31 since 
Mj is nef and Mj — {Kx + A) is nef and log big. The crucial point is 
to show that 

(21) h\F, Of{N'^)) = x{S, KOf{N;)) 
is not identically zero, where 

(22) A^; = f*Nj + H-Gi 

for every j. Let C C F be a general fiber of F — > h{F) = Zs- Then 

(23) iV^lc = {h*{kDs + {^2a^ + 1)1)^) + H - G,)\c = H\c. 
Hence h^OpiN'o) is not the zero sheaf, and 

(24) H\F, Of{N'^)) = H\S, KOf{N'^ ® OsijD's)) ^ 

for j ^ 1. Therefore, /i°(F, Op{N'-)) is a non-zero polynomial of degree 
dim Zs in j for j > 0. Thus it can vanish for at most dim Zs different 
values of j. This implies that 
(25) 

/(F) Bs|A;D + (j + ^2a~^ + l)D^\ = g-^Bs\kDs + (j + ^2a^ + 1)F)^| 

by I2.1.3[ with at most dim Zs exceptions. Therefore, Zs = h{F) ^ 
Bs|A;D5 + {j + ^2aP + 1)F)^|. This is what we wanted. □ 

The next corollary is obvious by Lemma [2.2.11 For the proof, see [Kl 
2.3 Corollary]. 

Corollary 2.2.2. Assume in addition that m > 2a + dim 5* and set 

A; = codim5Bs|D5| . Then 

(26) dimBs|(2/c -|- 2)Ds\ < dimBs|F»5|. 

Lemma 2.2.3. We use the same notation as in Theorem 11.11 Then 
we can find an effective divisor D G |2('~a~' + n)L| such that D contains 
no Ic centers of (X, A) . 

Proof. Let C be an arbitrary Ic center of (X, A). When (X, A) is 
kawamata log terminal, we put C = X. We consider the short exact 
sequence 

(27) Jc ® OxUL) ^ OxUL) ^ Oc{jL) ^ 0, 

where Xc is the defining ideal sheaf of C. By the vanishing theorem, 
H\X,lc®Ox{]L)) = H\X, Ox{]L)) = for alH > 1 and j>a (see 
Theorem 13. 3p . Therefore, we have H^{C, Oc{jL)) = for alH > 1 and 
j > a. Thus h^{C,Oc{jL)) = x{C,Oc{jL)) is a non-zero polynomial 
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in j since \mL\ is base point free for m ^ (see Theorem ll.Sp . On the 
other hand, the map 

(28) H\X, Ox{jL)) ^ H\C, Oc{jL)) 

is surjective for j > a since H^{X,2c ® Ox{jL)) = for j > a by 
the vanishing theorem (see Theorem 13.31) . Thus, with at most dimC 
exceptions, C ^ Bs|('~a~' + j)L\ for j > 0. Therefore, we can find 
an effective divisor D G |2('~a~' + n)L\ such that D contains no Ic 
centers. □ 

Proof of Theorem 11.11 By the base point free theorem for log canonical 
pairs (see Theorem II. 3p . there exists a positive integer I such that 
g = ^\iL\ : X — >■ iS is a proper surjective morphism onto a normal 
variety with connected fibers such that L ~ g*L' for some ample Cartier 
divisor L' on S. By Lemma I2.2.3[ we can find D G |2('~o~' + n)L\ 
such that D contains no Ic centers. Then Corollary 12.2.21 can be used 
repeatedly to lower the dimension of Bs|mL|. This way we obtain that 
|2"+^(n + l)!('~a~' + n)L\ is base point free. □ 

We close this section with the following theorem, which is the relative 
version of Theorem ll.il We leave the proof for the reader's exercise. Of 
course, we need the relative version of Theorem 13.31 to check Theorem 
12:2:1 See [XI Theorem 4.4] and [F2l Theorem 3.39]. 

Theorem 2.2.4. Let (X, A) be a log canonical pair with dimX = n 
and -K : X V a projective surjective morphism. Note that A is 
an effective Q-divisor on X . Let L be a -n-nef Cartier divisor on X . 
Assume that aL — {Kx + A) is Ti-nef and ir-log big for some a > 0. 
Then there exists a positive integer m = m{n,a), which only depends 
on n and a, such that Ox{mL) is ir -generated. 

3. Appendix: New cohomological package 

In this appendix, we quickly review Ambro's formulation of Kollar's 
torsion-free and vanishing theorems. 

3.1. Let y be a simple normal crossing divisor on a smooth variety 
M, and let D be a boundary Q-divisor on M such that Supp(D + Y) 
is simple normal crossing and D and Y have no common irreducible 
components. We put B = D\y and consider the pair {Y,B). Let 
ly-. Y" ^ Y he the normalization. We put Ky^ + 9 = u*{Ky + B). A 
stratum of {Y, B) is an irreducible component of Y or the image of some 
Ic center of (y^, G). When Y is smooth and S is a boundary Q-divisor 
on Y such that SuppS is simple normal crossing, we put M = Y x 



8 



OSAMU FUJINO 



andD = BxA\ Then {Y, ^ (F x {0}, S x {0}) satisfies the above 
conditions. 

The following theorem is a special case of ^ Theorem 3.2]. 

Theorem 3.2. Let {Y, B) he as above. Let f : Y ^ X be a proper 
morphism and L a Cartier divisor on Y . 

(a) Assume that H ~(q L — {Ky + B) is f -semi-ample. Then every 
non-zero local section of W f^^OyiL) contains in its support the f -image 
of some strata of (y, B) . 

(6) Let n : X —>■ S be a proper morphism, and assume that H ~q 
f*H' for some n-ample Q-Cartier Q-divisor H' on X . Then, R^f^OyiL) 
is 7T^-acyclic, that is, R^tc^R'^ f^Oy{L) = for all p > 0. 

For the proof of Theorem 13.21 see |F2l Chapter 2] . By the above 
theorem, we can easily obtain the following theorem. For the details, 
see |X1 Theorem 4.4] and |F2l Theorem 3.39]. 

Theorem 3.3. Let {X, B) be an Ic pair. Let C be an Ic center of 
(X, B). We consider the short exact sequence 

where Xq is the defining ideal sheaf of C on X . Assume that X is 
projective. Let C be a line bundle on X such that L — [Kx + -S) is 
ample. Then H'^{X, C) = and Hi{X,Ic C) = for all q > 0. In 
particular, the restriction map H^{X,C) H^{C,C\c) is surjective. 

A simple proof of Theorem l3.3l can be found in |F3j (cf. \F3\ Theorem 
4.1]). For a systematic treatment on this topic, we recommend the 
reader to see [F2j . 
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